Projective Connections and Schwarzian Derivatives for Supermanifolds,
  and Batalin-Vilkovisky Operators by George, Jacob
ar
X
iv
:0
90
9.
54
19
v1
  [
ma
th.
DG
]  
29
 Se
p 2
00
9
PROJECTIVE CONNECTIONS AND SCHWARZIAN DERIVATIVES
FOR SUPERMANIFOLDS, AND BATALIN-VILKOVISKY OPERATORS
JACOB GEORGE
ABSTRACT. We extend the notion of a Thomas projective connection (a projective
equivalence class of linear connections) for supermanifolds. As a by-product, we
arrive at a generalisation of the multidimensional Schwarzian derivative for the
super case which was previously unknown.
This is combined with our previous construction of a Laplacian on the algebra
of densities for a projectively connected manifold and allows us to study Batalin-
Vilkovisky type operators and the relation between projective connections and
odd Poisson structures.
1. INTRODUCTION
This paper concerns the links between projective classes on supermanifolds,
second order differential operators acting on functions and densities and sym-
metric biderivations (called brackets).
In the purely even case, projective classes are defined as equivalence classes
of linear connections whose geodesics are the same up to reparametrisation. In
[4], it was discovered that on manifolds with a projective class, any symmetric
tensor Sab could be extended canonically to give a second order differential oper-
ator acting on functions (the projective Laplacian). Rephrasing this in terms of
brackets, on a manifold with a projective class, any bracket has a canonical gen-
erating operator. Further, there is a fundamental relation between the algebra
of densities of all weights and projective classes. One particular manifestation
of this given in [5] is that brackets on functions can canonically be extended to
brackets on densities for manifolds with a projective class.
Of course, one would hope to apply to constructions to familiar geometric sit-
uations. The obvious example is that of Poisson manifolds. However, requiring
the brackets considered to be symmetric immediately precludes this possibil-
ity. Switching to supermanifolds however, allows for odd brackets. To any odd
symmetric bracket { · , · } is associated an odd biderivation [ · , · ] which is anti-
symmetric with respect to reversed parity. A Jacobi identity can be required of
[ · , · ], the fulfillment of which results in an odd Poisson (or Schouten) algebra.
The purpose of this paper is to generalise the framework developed in [5, 4]
to supermanifolds and to apply the results obtained to the study of odd Poisson
brackets. This involves defining projective classes and deriving a super version
of the classical Thomas construction. As a by-product, we obtain a multidimen-
sional Schwarzian derivative for supermanifolds which generalises that given
by Ovsienko and Tabachnikov ([9]). For a supermanifold with a projective class,
we construct super analogues of the projective Laplacian acting on functions and
a canonical extensionsion of any bracket on functions to a bracket on densities.
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In the penultimate section, we apply the preceding constructions to odd Pois-
son brackets. This immediately gives conditions for the projective Laplacian
associated with a Poisson structure to be a Batalin-Vilkovisky operator. For den-
sities, we reiterate the geometric interpretation of the components of a bracket
on densities in terms of upper connections. Having done this we give conditions
for the projective extension of an odd Poisson bracket to densities to also be an
odd Poisson bracket. Following [6], it is possible to interpret these conditions in
terms of the Poisson-Lichernowicz operator. Finally, we discuss some possible
applications.
2. THE CLASSICAL CASE: A QUICK SURVEY
We give a whistlestop tour of selected results from [5, 4] omitting details.
First, a few definitions.
Definition 2.1. Let an n-dimensional manifold M be endowed with two linear
connections ∇, ∇¯ with coefficients Γkij and Γ¯
k
ij respectively. The two connections
belong to the same projective class if either ∇ and ∇¯ have the same geodesics up
to reparametrisation or equivalently
(1) Πkij := Γ
k
ij −
1
n+ 1
(δki Γ
s
sj + δ
k
jΓ
s
is) = Γ¯
k
ij −
1
n + 1
(δki Γ¯
s
sj + δ
k
j Γ¯
s
is) =: Π¯
k
ij .
The quantities Πkij are constitute an invariant of the projective class and will
often be referred to as the projective class themselves. Various authors refer to
projective classes as projective connections and projective structures. Here we
adopt the chosen wording to avoid confusion with other distinct notions of pro-
jective connection and projective structure. For a more comprehensive guide to
projective connections in their various guises, see for instance [2] and the refer-
ences contained therein. Consider a manifoldM equipped with a tensor field Sij.
This defines a natural ‘index raising’ map S♯ : T ∗M → TM by S♯(ωidx
i) = Sijωj∂i.
Definition 2.2. Let M be a manifold with a tensor field Sij and E → M a vector
bundle overM . An upper connection or contravariant derivative is an R-bilinear
map ∇ : Γ(T ∗M)× Γ(E)→ Γ(E) satisfying
∇fωσ = f∇ωσ and ∇ωfσ = S♯(ω)(f)σ + f∇ωσ
for f ∈ C∞(M) and any 1-form ω.
On manifolds with projective classes, we have the following result from [4].
Theorem 2.3. Let Sij be a symmetric tensor field and Πkij a projective class onM .
(1) The expression
Sij∂i∂j +
(
2
n + 3
∂jS
ij −
n+ 1
n+ 3
SjkΠijk
)
∂i
defines an invariant second order differential operator on C∞(M) (the pro-
jective Laplacian).
(2) There is an associated canonical upper connection over Sij in the bundle
of volume forms whose coefficients are
γi =
n+ 1
n+ 3
(∂jS
ij + SjkΠijk).
We now turn to the algebra of densities and its relation with projective classes.
First we run through the requisite definitions.
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Definition 2.4. A density of weight λ ∈ R on a manifold M is an object for-
mally expressed in local coordinates as φ(x)|Dx|λ where Dx is the local coor-
dinate volume form. The space of λ-densities is denoted Vλ(M). The algebra of
densities is the vector space V(M) :=
⊕
λ∈R Vλ(M) with the product defined as
φ(x)|Dx|λ · ψ(x)|Dx|µ = φ(x)ψ(x)|Dx|λ+µ on homogeneous elements and extended
by linearity. The weight operator w : V(M) → V(M) is the linear operator speci-
fied as having Vλ(M) as its λ-eigenspace.
Among the primary objects of study in [6, 4, 5] were so called brackets.
Definition 2.5. A bracket on a commutative associative unital algebra A is a
symmetric biderivation on A. For a manifold M , brackets on C∞(M) will be
referred to as brackets on M . A bracket { · , · } on A is generated by an operator
∆ : A→ A if {a, b} = ∆(ab)− a∆(b)−∆(a)b+ ab∆(1).
In [6], the foundational result was to give for algebras with an invariant scalar
product, a canonical generating operator for each bracket.
Theorem 2.6. ([6]) Let A be an algebra as above. Let { · , · } be a bracket on A.
(1) Any operator generating { · , · } is of order two in the algebraic sense. Any
two operators generating { · , · } differ by an operator of order one.
(2) Let A be endowed additionally with an invariant scalar product. 〈 · , · 〉1
Then generating any bracket, there is an unique operator ∆ which is self
adjoint and satisfying ∆(1) = 0.
Brackets on M are synonymous with symmetric tensor fields with two upper
indices by defining {f, g} = Sij∂if∂jg. In the light of this, the first part of Theo-
rem 2.3 can be rephrased as associating a canonical generating operator to any
bracket on a manifold with a projective class. We can also consider brackets on
V(M). We will always assume these to be homogenous with respect to the R-
grading. For a bracket of weight λ, these are specified by a triple (Sij, γi, θ) as
follows
(2) Sij|Dx|λ = {xi, xj}, γ|Dx|λ+1 = {xi, |Dx|}, θ|Dx|λ+2 = {|Dx|, |Dx|}.
Moreover, there is an invariant scalar product on V(M), given by integrating
in the case that the weights of the two arguments sum to one and set to zero
otherwise. The application of Theorem 2.6 to this situation was the main thrust
of [6].
In [5], the following results were obtained.
Theorem 2.7. LetM be a manifold of dimension n > 1 endowed with a projective
class Πkij and a tensor density S
ij of weight λ 6= n+2
n+1
, n+3
n+1
(i.e. Sij |Dx|λ transforms
as a tensor). Then there is a canonical operator extending Sij .
Theorem 2.8. LetM be a manifold with a projective class. Then any bracket on
M can be extended to a bracket on V(M).
The notion of ‘extending’ a bracket makes sense here since a bracket on M is
a bracket on the 0-graded slice of V(M), V0(M) = C
∞(M).
3. THE GENERALISATION FOR SUPERMANIFOLDS
The machinery developed and used in [4] and [5] can be generalised wholesale
for supermanifolds.
1i.e. 〈ab, c〉 = 〈a, bc〉 ∀a, b, c ∈ A
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3.1. Projective Classes. In defining projective classes, it is best to adopt the
geometric interpretation of Πkij as defining a projective Ehresmann connection on
TM . A linear connection on TM induces a fibre bundle connection on P(TM) as
the image of the horizontal distribution on TM under the derivative of the pro-
jection map. Two linear connections on TM in the same proejctive class induce
the same connection on P(TM). For a more explicit treatment see [5].
Replicating this process in the super case involves defining the traceless part
of linear connection coefficients. To this end, consider an n|m-dimensional su-
pervector space V . Let ei be a basis of V and e
i denote the dual basis of V ∗. The
trace to be defined should be a map Σ2V ∗ ⊗ V → V ∗, where Σ2V ∗ denotes the
symmetric square of V ∗. We define div : Σ2V ∗ ⊗ V → V ∗ on basis vectors by2
div(ei ∨ ej ⊗ ek) = e
jδik(−1)
ı˜(˜+k˜) + eiδjk(−1)
˜k˜
where ı˜ denotes the parity of ei, δ
k
i refers to the Kronecker delta and ∨ is the
symmetric product. On arbitrary elements of Σ2V ∗⊗V therefore, div(ei ∨ ejAkji⊗
ek) = e
i2Ajij(−1)
˜. The map div will be the notion of ‘trace’ used here. It is nothing
but the super trace of Akij viewed as an endomorphism valued form on V .
There is also a natural injection j : V ∗ → Σ2V ∗ ⊗ V given by
φ 7→ φ ∨ ei ⊗ ei.
Since the composition div◦j is simply (n−m+1)id, the projection of A ∈ Σ2V ∗⊗V
onto its traceless part is A− j◦div(A)
n−m+1
. Explicitly, in terms of the bases of V and V ∗
given above, the trace free part of ei ∨ ejAkji ⊗ ek is
ei ∨ ej
(
Akji −
1
n−m+ 1
(Asjsδ
k
i (−1)
s˜ + Asisδ
k
j (−1)
ı˜˜+s˜)
)
⊗ ek.
This puts us in a position to define projective classes.
Definition 3.1. Two symmetric linear connections∇ and ∇¯ on an n|m-dimensional
supermanifold define the same projective class if their coefficients Γkij and Γ¯
k
ij sat-
isfy
Πkji :=Γ
k
ji −
1
n−m+ 1
(
Γsjsδ
k
i (−1)
s˜ + Γsisδ
k
j (−1)
ı˜˜+s˜
)
= Γ˜kji −
1
n−m+ 1
(
Γ˜sjsδ
k
i (−1)
s˜ + Γ˜sisδ
k
j (−1)
ı˜˜+s˜
)
=: Π˜kji.
(3)
Retrospectively, the formula for Πkij on a supermanifold is easily recognisable
as a super version of (1), replacing the dimension n by n−m and trace with super
trace.
Multidimensional super-Schwarzian Derivatives. The notation div and j used
above is a deliberate reference to Ovsienko and Tabachnikov’s book [9], the con-
struction of a ‘trace free’ part mirorring in the super setting the treatment given
there. The purpose of defining a trace free part there was in order to construct
a multidimensional version of the Schwarzian derivative. This can be defined
as a cocycle measuring the failure of the quantities Πkij to transform as a tensor.
2Throughout we adopt the convention that vectors are written viei and covectors as e
ivi. The
parity of any object X will be denoted X˜.
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The formula (3) then automatically gives a definition of the multidimensional
Schwarzian derivative in the super case. Noting that
∂i log J =
∂2x¯σ
∂xi∂xk
∂xk
∂x¯σ
(−1)k˜, where x¯α = x¯α(xi) and J =
∣∣∣∣det Dx¯Dx
∣∣∣∣ ,
the coordinate expression for the Schwarzian derivative of a map f : Rn|m → Rn|m
is
(4) Skij(f) =
∂2fσ
∂xi∂xj
∂xk
∂fσ
−
1
n−m+ 1
(
δki ∂j log Jf + δ
k
j ∂i log Jf(−1)
ı˜˜
)
.
Ovsienko and Tabachnikov give a relation between their multidimensional Schwarzian
derivative and the classical 1-dimensional version in terms of PGL-relative co-
cycles in the group cohomologies of Diff(RP 1) and Diff(RP n). It remains un-
investigated whether Duval and Michel’s definition (see [8]) in the case of the
1|m-dimensional super-circle and the definition given here stand in a similar
relation.
3.2. The Projective Laplacian and upper volume connections. For super-
manifolds endowed with a projective class, there is an analogue of Theorem 2.3.
Theorem 3.2. Let M be an n|m-dimensional supermanifold with a projective
class Πkji and a tensor field S
ij.
(1) Then
(5) Sij∂j∂i +
(
2
n−m+ 3
∂jS
ji(−1)˜(S˜+1) −
n−m+ 1
n−m+ 3
SjkΠikj
)
∂i
is an invariant differential operator onM .
(2) There is an associated connection in the bundle of volume forms whose
coefficients are
γi =
n−m+ 1
n−m+ 3
(
∂jS
ji(−1)˜(S˜+1) + SjkΠikj
)
.
3.3. Densities, Brackets and Operators. The definition of the algebra of den-
sities carries over word for word, now taking |Dx| to be the local Berezin volume
element and J to be the modulus of the Berezinian of the change of coordinates.
Brackets are defined again as being symmetric biderivations. In this context
however, the bracket itself has a parity which ‘sits at the opening bracket’. A
bracket of parity ǫ on a Z2-graded algebra A is then generated by an operator
∆ : A→ A if for any a, b ∈ A,
{a, b} = ∆(ab)− a∆(b)(−1)a∆˜ −∆(a)b+ ab∆(1)(−1)(a˜+b˜)∆˜.
Theorem 2.6 holds for Z2-graded algebras, in fact this was the original context in
[6]. Taking (2) as the components of a bracket on V(M), the unique self-adjoint
constant-free generating operator guaranteed by the theorem and given in [6] is
∆ = |Dx|λ
(
Sij∂j∂i + 2γ
iw∂i + θw
2 +
(
∂jS
ji(−1)˜(ǫ+1) + (λ− 1)γi
)
∂i
+
(
∂kγ
k(−1)k˜(ǫ+1) + (λ− 1)θ
)
w
)
.
(6)
Note that the parity of S, γ and θ is ǫ.
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3.4. The Thomas Construction. One of the primary architects of the theory of
projective classes, T. Y. Thomas sought a way of studying the projective geometry
of a manifold in terms of the affine geometry of another related manifold. This is
the content of what I will call the Thomas construction. Precisely, associated to
any n-dimensional manifoldM , there is a manifold M˜ , of dinmension n+ 1 such
that any projective class onM can be lifted canonically to a linear conenction on
M˜ . The manifold M˜ also has the property that densities on M can be viewed as
functions on M˜ in a natural way. This was one of the main observations of [4].
For specifics concerning the Thomas construction, see [4, 5] or Thomas’ original
paper [11].
In analogy with the classical Thomas construction, for supermanifolds M˜ is
constructed fromM adding an extra even coordinate to each chart. Let (x1, . . . , xn+m)
be a local coordinate system onM . Then x0, . . . , xn+m is a local coordinate system
on M˜ . Under a change of coordinates x¯i = x¯i(xj) on M , the transformation law
for x0 is x¯0 := x0 + log J where J is the absolute value of the Berezinian of the
coordinate change.
Theorem 3.3. A projective class Πkij on M defines a linear connection Γ˜
c
ab
on M˜
via
Γ˜kij = Π
k
ij , Γ˜
c
0a = Γ˜
c
a0 =
−δc
a
n−m+ 1
Γ˜0ji =
n−m+ 1
n−m− 1
(
∂qΠ
q
ji − Π
p
qjΠ
q
pi
)
(−1)q˜(1+ı˜+˜).
(7)
Here Gothic indices range from 0 to n + m while Roman ones range from 1 to
n +m.
As in the purely even case, M˜ → M is the oriented frame bundle of the
Berezinian bundle. A density φ(x)|Dx|λ can be viewed as a function φ(x)eλx
0
on M˜ , V(M) consequently being a subalgebra of C∞(M˜). The weight operator
corresponds to the vector field ∂
∂x0
(see [4, 5] for the classical case).
Using this new version of Thomas’s construction, super versions of the main
theorems of [5] can be proved. These are summarised in the next theorem.
Theorem 3.4. Let M be an n|m-dimensional supermanifold with a projective
class Πkji.
(1) For (n −m) /∈ {1,−1,−2} the formulae below define a projective class Π˜c
ab
on M˜ .
Π˜kjk = Π
k
ji, Π˜
k
j0 = Π˜
k
0j =
δkj
(n−m+ 1)(n−m+ 2)
,
Π˜0i0 = Π˜
0
0i = 0, Π˜
0
ji =
n−m+ 1
n−m− 1
(
∂qΠ
q
ji − Π
p
qjΠ
q
pi
)
(−1)q˜(1+ı˜+˜),
Π˜k00 = 0, Π˜
0
00 =
n−m
(n−m+ 1)(n−m+ 2)
.
(8)
(2) For (n−m) /∈ {1,−1,−4} Let V(M) be endowed with a bracket defined by
a triple (Sij, γi, θ) as per (2). Then there is a canonical generating operator
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for this bracket given by
∆ = eλx
0
(
Sij∂j∂i + 2γ
i∂i∂0 + θ∂
2
0
+
(
2
n0 + 1
∂jS
ji(−1)˜(S˜+1) +
2(λ(n0 + 1) + 1)
(n0 + 1)(n0 + 4)
γi −
n0 + 2
n0 + 4
SjkΠikj
)
∂i
+
(
2
n0 + 4
∂kγ
k(−1)k˜(S˜+1) +
2λ(n0 + 1)− (n0)
(n0 + 1)(n0 + 4)
θ −
(n0 + 2)
(n0 + 4)
SjkBkj
)
∂0
)
(9)
where Bkj =
n0+1
n0−1
(
∂qΠ
q
kj +Π
p
qkΠ
q
pj
)
(−1)q˜(1+ı˜+˜) and n0 = n−m.
Proof. The first result is obtained by taking the projective class of the linear
connection on M˜ given by the Thomas construction. The second follows by then
applying the formula for the projective Laplacian to M˜ with the bracket onV(M)
considered as a bracket on M˜ and the projective class just constructed. 
Remark 3.5. In the classical case, the dimension of themanifold had to be greater
than one for the formula to have no singularities. In the super context, n − m
can be negative leading to more singular cases. The precise implications of these
values are yet to be investigated.
We suppose that this operator is self adjoint and therefore equal to the canon-
ical operator (6). This yields corresponding expressions
γi =
n−m+ 1
(n−m+ 3)− λ(n−m+ 1)
(
∂jS
ij(−1)˜(S˜+1) + SjkΠikj
)
θ =
n−m+ 1
(n−m+ 2)− λ(n−m+ 1)
(
∂kγ
k(−1)k˜(S˜+1) − SkjBjk
)(10)
These observations lead to the super analogue of Theorem 2.7 and Theorem 2.8.
Theorem 3.6. LetM be an n|m-dimensional supermanifold for n−m 6= 1,−1,−2,−4
equipped with a projective class and a tensor density Sij of weight λ 6= n−m+2
n−m+1
, n−m+3
n−m+1
.
There is a canonical second order differential operator of weight λ acting on den-
sities extending Sij.
Corollary 3.7. LetM be an n|m-dimensional with (n−m) 6= 1,−2,−3 superman-
ifold equipped with a projective class. Then every bracket onM of can be extended
canonically to a bracket on V(M).
4. APPLICATIONS TO ODD POISSON AND BV-STRUCTURES
All the brackets above have been symmetric. This immediately precludes the
possibility of applying these constructions to give extensions and generating op-
erators for Poisson brackets. However, in the case of supermanifolds, symmetric
brackets are related to odd Poisson structures. Much of the explanation that
follows is taken from [7, 6, 13]. From now, all objects considered are implicitly
assumed to be ‘super’.
Definition 4.1. Let A be an associative algebra. An odd Poisson structure (or
Schouten structure) on A is an odd bilinear map [ · , · ] : A× A→ A satisfying
[a, b] = −(−1)(a˜+1)(b˜+1)[b, a](11)
[a, [b, c]] = [[a, b], c] + (−1)(a˜+1)(b˜+1)[b, [a, c]](12)
[a, bc] = [a, b]c + (−1)(a˜+1)b˜b[a, c](13)
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If there is an operator ∆ : A→ A such that
(14) [a, b] = (−1)a˜
(
∆(ab)−∆(f)g − (−1)a˜a∆(b)
)
and such that ∆2 = 0, then (A, [ · , · ],∆) is called a Batalin-Vilkovisky algebra.
At first glance, the brackets considered in Definition 2.5, being symmetric,
have no hope of defining odd Poisson structures. Consider however an odd sym-
metric bracket { · , · }. Defining [a, b] := (−1)a˜{a, b}, we see that [ · , · ] satisfies
property (11) above. Since { · , · } is a biderivation, [ · , · ] satisfies (13) automati-
cally. The only condition therefore for [ · , · ] to define an odd Poisson structure is
the Jacobi identity with respect to shifted parity (12).
Consider now a bracket on C∞(M) specified by a master Hamiltonian S =
Sabpbpa ∈ C
∞(T∗M). By this it is meant that
(15) {f, g} = ((S, f), g) = Sab∂bf∂ag(−1)
a˜(f˜+1)
where ( · , · ) is the canonical even Poisson bracket on T ∗M . Indeed, it is well
known that the Jacobi identity (12) is satisfied by [a, b] := (−1)a˜{a, b} if and only
if
(16) (S, S) = 0.
This condition of course only has moment for odd brackets - for even brackets, it
becomes vacuous. Given this, we investigate what can be said about manifolds
endowed with projective classes.
4.1. Projective Laplacian as a Batalin-Vilkovisky operator. Let M be an
odd Poisson manifold with bracket [ · , · ] and define the odd symmetric bracket
{a, b} = (−1)a˜[a, b] as above. The condition that a constant free operator ∆ on
C∞(M) satisfies (14) is the same as requiring that is generate a the bracket
{ · , · } in the usual sense. Suppose now that M has a projective class. Then by
Theorem 3.2 there is a projective Laplacian associated with { · , · }which satisfies
(14).
The algebra of functions C∞(M) is then a Batalin-Vilkovisky algebra if and
only if ∆2 = 0. This condition can be explored, as in [6], by considering the order
of ∆2 as a differential operator: as ∆ is constant free, ord∆2 = 0⇔ ∆2 = 0. Since
ord∆ ≤ 2, clearly ord∆2 ≤ 4. By virtue of the fact ∆ is odd, in fact, ord∆2 ≤ 3.
The bracket [ · , · ] satisfying the Jacobi identity is equivalent to ord∆2 ≤ 2. There
are two final conditions for the operator to square to zero. For the projective
Laplacian (5), the aforementioned translate into the following theorem.
Theorem 4.2. Let M be an n|m-dimensional supermanifold with a projective
class Πkij and an odd Poisson bracket of functions [f, g] = (−1)
f˜((S, f), g) defined
by a master Hamiltonian Sijpjpi. Then the projective Laplacian is a Batalin-
Vilkovisky operator if and only if
Sjk∂k∂j + T
j∂jT
i = 0
Skl∂l∂kS
ij + T k∂kS
ij + Sik∂kT
j(−1)j + Sjk∂kT
i(−1)ı˜(˜+1) = 0,
(17)
where
T i =
2
n−m+ 3
∂jS
ji −
n−m+ 1
n−m+ 3
SjkΠikj.
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4.2. Projective Extensions of odd Poisson brackets.
Theorem 4.3. ([6])LetM be a manifold with an odd bracket of weight 0 on densi-
ties specified by a triple (Sij, γi, θ) as in (2). The associated antisymmetric bracket
satisfies the Jacobi identity if and only if
(S, S) = 0,(18)
(S, γ) = 0,(19)
(S, θ) + (γ, γ) = 0,(20)
(γ, θ) = 0(21)
where S = Sijpjpi, γ = γ
ipi are components of the master Hamiltonian.
In the case of brackets of weight zero, Sij is a tensor and therefore defines a
bracket onM . The first condition is then equivalent to the Jacobi identity for the
induced antisymmetric bracket onM . It also implies that the operatorD = (S, · )
is a differential acting on functions on T ∗M (the ‘Lichernowicz operator’). The
components γi can be interpreted as the coefficients for an upper connection
on the bundle of volume forms over the tensor Sij. The second condition then
becomes a flatness condition for this differential.
In the special case of Sij being a non-degenerate matrix, condition (21) is au-
tomatically satisfied and (18)-(20) can be rephrased as follows.
Theorem 4.4. ([6])Let M be a manifold as in Theorem 4.3 but in addition let
Sij be non-degenerate. Then the Jacobi identity for the associated antisymmetric
bracket is equivalent to the conditions
(1) The antisymmetric bracket on C∞(M) makes M an odd symplectic mani-
fold.
(2) For some local volume form ρ, γi = −Sij∂j log ρ.
(3) We have θ = γkγk, where γi = −∂i log ρ is the connection in the volume
bundle associated with ρ.
Let us endow M with a projective class. Then Corollary 3.7 gives a canonical
bracket on densities associated to any bracket on M . The above theorem can
then be used to obtain:
Theorem 4.5. Let M be an n|m-dimensional supermanifold with an odd sym-
plectic structure whose odd Poisson bracket is specified by a master Hamiltonian
S = Sijpjpi by [f, g] = (−1)
f˜ ((S, f), g) and with a projective class Πkij . The cor-
responding canonical bracket on densities defines an odd Poisson bracket if and
only if there is a local volume form ρ such that
SjkΠikj = −
(
∂jS
ji +
n−m+ 3
n−m+ 1
Sij∂j log ρ
)
SijBji = −∂j(S
ji∂i log ρ)−
n−m+ 2
n−m+ 1
Sij∂i log ρ∂j log ρ(−1)
j
(22)
where
Bkj =
n−m+ 1
n−m− 1
(
∂qΠ
q
kj +Π
p
qkΠ
q
pj
)
(−1)q˜(1+ı˜+˜).
5. FURTHER DISCUSSION
There are a great number of questions raised and left unanswered by this
paper.
10 JACOB GEORGE
Geometric interpretations. The quantities Bbc can be throught of as a projective
version of the Ricci tensor and therefore SijBji as a projective version of scalar
curvature. As yet however, there is no elegant geometric interpretation of the
formulae (17) and (22) in terms of the projective class and the Poisson struc-
ture. Such an interpretation may come in terms of the associated path spaces
(unparametrised geodesics).
Lie algebroids and Cartan connections. The projective classes considered here
are one potential definition of projective connection. Another possible definition
is that of a projective Cartan geometry. These consist of a Lie group G with a
closed subgroup H along with a principal H-bundle P → M and a 1-form on
P taking values in the Lie algebra of G. In [1, 3], from such a geometry, a Lie
algebroid is constructed. There is a by now well known link between homological
vector fields, Lie algebroids and odd Poisson structures studied extensively in
[13, 12, 10]. In the case of projective Cartan geometries, where G is taken to be
the projective general linear group andH an isotropy subgroup, the link between
odd Poisson structures and projective classes studied here and the associated Lie
algebroids certain merits consideration.
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